The structure and the dynamics of homogeneous turbulence are modified by the presence of body forces such that the Coriolis or the buoyancy forces, which may render a wide range of turbulence scales anisotropic. The corresponding statistical characterization of such effects is done in physical space using structure functions, as well as in spectral space with spectra of two-point correlations, providing two complementary viewpoints. In this framework, second-order and third-order structure functions are put in parallel with spectra of two-point second-and third-order velocity correlation functions, using passage relations. Such relations apply in the isotropic case, or for isotropically averaged statistics, which, however, do not reflect the actual more complex structure of anisotropic turbulence submitted to rotation or stratification. This complexity is demonstrated in this paper by orientation-dependent energy and energy transfer spectra produced in both cases by means of a two-point statistical model for axisymmetric turbulence.
Introduction
Homogeneous turbulence submitted to distortions such as solid body rotation, stratification, or the Lorentz force in the MHD context, exhibit axisymmetric statistics, as a clear departure from isotropy. These anisotropic effects that arise due to modified dynamics or energy exchange do not fall within the classical description of turbulence in Kolmogorov's theory. The following general questions, pertaining to the understanding of anisotropic homogeneous turbulence, can therefore be raised:
1. How can we characterize the anisotropy of the flow, at one or two point, in physical or spectral statistical descriptions?
As a bootstrap, we start, hereafter in this introductory section, by reviewing a few of the existing works related to these issues, and introduce some of the existing results and formalism available in the statistical characterization of axisymmetric turbulence. In section 2, we describe the relationships available for isotropic turbulence for second-and third-order statistics appearing in both Lin's and Kármán-Howarth's equations, and suggest to extend the description of the velocity increment statistics to the anisotropic case, and to relate them to the modified dynamics in axisymmetric homogeneous turbulence, especially energy and transfer spectra. Results for the latter, in the case of stably stratified or rotating turbulence, are provided in section 4.1. We choose to use an anisotropic two-point statistical model, described shortly in section 3, since it permits to reach higher Reynolds number and smoother statistics than direct numerical simulation. Assuming isotropized passage relations, we then derive second-and third-order velocity structure functions, presented in section 4.2, and discuss the results against existing scalings for isotropic turbulence.
The spectral formalism for homogeneous turbulence allows to remove altogether the role of pressure, and hence permits a highly refined analysis of the dynamics of anisotropic turbulence, and on its sources; for instance from the role of inertial waves interactions in rotating turbulence, or for the dynamics of stably stratified turbulence in which the transfers are split between internal waves and potential vorticity interactions. Even in flows which are thought to be isotropic, in experimental or numerical realizations, a degree of anisotropy may be hidden, depending on how the characterization of the isotropy of the flow has been done: the isotropy of rms velocity components or of integral length scales only characterizes the large scales, whereas vorticity or dissipation can be used for the smaller ones. The computation of anisotropic spectra allows to quan-proposed by Lindborg about the kinematics of axisymmetric turbulence [3] . More recently, some exact vectorial laws were also proposed by Galtier for rotating homogeneous turbulence, exposing the need for a transverse/longitudinal components distinction (with respect to the separation vector) when computing velocity structure functions [4] . An extensive discussion and review of the anisotropy in turbulent flows was proposed by Biferale & Procaccia [5] using the symmetry group analysis (SO(3) for Navier-Stokes equations). These authors discuss Kolmogorov's theory and how to relate anisotropic flows to the n-th order structure functions, especially looking at the 4/5 law for the third-order one, which includes the isotropy hypothesis.
On the one hand, the structure-function approach has recently been used for an experimental characterization of rotating turbulence dynamics by Lamriben et al. [6] , and for mesoscale turbulence in the atmosphere by Lindborg & Cho [7] , both works including a discussion of the level of anisotropy to account for, as a departure to classical Kolmogorov scalings of velocity increments moments. In an experimental study concerning a turbulent jet, Xu & Antonia [8] emphasize the importance of discriminating between the longitudinal and transverse velocity components when expressing the structure function in axisymmetric turbulence, and Oyewola et al. use structure functions to describe the anisotropy of the small scales in a turbulent boundary layer [9] . In situ experiments by Kurien et al. in the atmospheric boundary layer also permitted to exhibit the different scalings of the structure functions, distinguishing between longitudinal and transverse increments, by separating the lowest order anisotropy contributions thanks to the SO(3) symmetry group. [10] On the other hand, several efforts were devoted to establishing the scalings that should apply to two-point velocity correlation spectra depending on the perpendicular k ⊥ or the parallel k wavenumber components with respect to the axis of symmetry. In the geophysical context, one may retrieve atmospheric spectra as in rotating strongly stratified turbulence. At small scales (several kilometers), Kolmogorov k −5/3 ⊥ scaling is retrieved, whereas at large scales (several hundreds of kilometers), depending on the velocity component considered the scaling is either k −3 ⊥ (zonal wind) or k −2 ⊥ (meridional wind). [11] In the context of conducting fluids, plasmas and astrophysics, Galtier has also proposed several spectral scalings with spectra of the form k −α ⊥ k −β to account for anisotropy in magnetohydrodynamic turbulence [12] . However, the physical arguments available for discussing the anisotropy of conducting fluid submitted to the Lorentz force are not available for disentangling the intricate nonlinear dynamics of rotating turbulence, and, to some extent of stably stratified turbulence.
In most of the above-mentioned works, spectra are used to characterize the cascade of energy and the dynamics of anisotropic turbulence, or structure functions compared with the isotropic theory scalings. Very few works are devoted to the relationship between the two formalisms, and the current paper is a first attempt at providing quantitative information on how anisotropic spectra dynamics can be used to interpret physical space velocity increment statistics.
Thus, taking into account the modifications of the turbulence structure and dynamics due to external effects can be done at different levels. The statistical description of the velocity field can be done at a two-point level in physical space by the secondorder velocity correlation tensor R i j (r) = u i (x)u j (x+r where r is the separation vector. Fourier-transforming this tensor yields the spectrum tensor
whose trace is Φ ii (k) = E(k)/2πk 2 in isotropic turbulence, with k = |k| and E(k) is the kinetic energy spectrum. Kolmogorov theory supports the scaling E(k) ∼ k −5/3 in isotropic turbulence at high Reynolds number.
However, external distortions render the turbulent flow statistics dependent on the orientation of r in physical space, e.g. for the two-point correlations R i j (r). In isotropic turbulence, this tensor depends only on two scalar function, namely the longitudinal two-point correlation function f (r), and the transverse one g(r) [13] , and is expanded over the tensors δ i j and r i r j /r 2 . In axisymmetric turbulence, which is the case we consider herewhere the axis of symmetry n is borne by the rotation vector in rotating turbulence or the axis of gravity in stably stratified turbulence-, R i j (r) depends on four scalars and requires the addition of the two expansion tensors r i n j /r and n i n j [1] .
The anisotropic dependence of the two-point correlation tensor in turn translates into a dependence of the corresponding spectra Φ i j (k) on the orientation θ of the wavevector k with respect to the axis of symmetry n (the latter is the same as in physical space). The spectra can similarly also be decomposed in a general way over four scalars (see e.g. [14] and [15] ).
This correspondence between the physical space two-point statistical formalism of turbulence and the spectral description not only applies to second-order correlation tensors and spectra, but it also extends to third-order statistics, and moreover to velocity structure functions. The latter are of great use in
Kolmogorov's description of isotropic turbulence, and are described e.g. in [16] and in [17] . Considering the velocity in- −4/5εr, valid for r in the inertial subrange, where ε is the averaged dissipation [18] , or, in a different form proposed by Antonia et al. [19] :
where repeated indices imply summation.
In the following, we investigate how anisotropic turbulence can recover the above scalings, using the two-point statistical EDQNM model. The question about the convergence of the statistics of the structure functions to the 4/5 limit has been addressed before. Antonia & Burattini studied this limit at increasing Reynolds numbers [20] , and it appears that the convergence is very slow, and may not be yet reached in the existing experiments. However, this low-Reynolds number effects has to be separated from the anisotropic effect in non isotropic flows.
The leading order small-scales K41 scalings may be recovered in anisotropic flows, provided suitable filtering has been applied to the data, as shown with DNS fields by Taylor et al. [21] . In the following, the interpretation of the scaling laws provided by EDQNM results therefore mixes the isotropic small-scales turbulent behavior with the anisotropic contributions, since no such separation as in Taylor et al. has been made.
The link between spectral dynamics and velocity structure functions
The above-mentioned structure functions provide a scaledependent statistical characterization of turbulence with a twopoint separation. It is clear that they are related to the twopoint correlation functions, and their spectral counterparts, such that second-order velocity structure functions are related to two-point velocity correlation spectra, and third-order structure functions to energy transfer spectra (triple velocity correlations at two points).
In the anisotropic context, and when dealing with statistically axisymmetric turbulence, the orientation θ of the Fourier vector k with respect to the axis of symmetry borne by n, has to be taken into account, so that an additional dependence has to be introduced in the energy spectrum: E(k, θ). Integrating the latter over θ ∈ [−π, π] of course provides an equivalent spherically averaged E(k). At this stage, the question of the resulting inertial scaling of the spectrum is raised.
The kinetic energy spectrum E(k) and the nonlinear energy transfer spectrum T (k) appear in the Lin equation as
in the isotropic case, where ν is the viscosity, such that the total dissipation is ε = 2ν k 2 E(k)dk. In the rotating case for instance, phase-scrambling anisotropically changes the shape of the energy exchange term T (k, θ) in an equation equivalent to (2) (see next equation 11). The transfer contains third-order correlation terms, and is thus related to the third-order statistics that are used to quantify nonlinearity such as the skewness of velocity gradient.
Regarding second-order moments, one can obtain secondorder structure functions starting with the two-point correlation spectra. For instance,
where repeated indices are summed, contains information from all the velocity components.
Equation (2) therefore relates the evolution of secondorder statistics-the energy spectrum-to third-order onesthe transfer. The analogous in physical space of (2) is the Kármán-Howarth equation
in which f (r) is the longitudinal two-point correlation function; the longitudinal two-point third-order correlation function is
is the total kinetic energy. Upon examining (2) and (4) 
The dependence of the velocity, or velocity increments δu, on the direction of r with respect to n, is therefore an important parameter in axisymmetric turbulence statistics. For isotropic turbulence, Kolmogorov's theory (1941) only considers a scalar longitudinal increment δu, provides the scaling (δu) n ∼ (εr) n/3 , and allows to draw from equation (4) a simplified relationship between second-and third-order structure
which yields, at infinite Reynolds number, the famous four fifths law
or equation (1) . [19] A useful relationship can be established between third-order spectral statistics i.e. the nonlinear energy transfer T (k), and the third-order structure function :
where g(kr) = (sin kr − kr cos kr)/(kr) 3 and (δq)
shows the direct link of the third-order structure function on the dynamics of turbulence.
Formulas similar to equations (3) and (7) rigorously derived for anisotropic turbulence are still not available in the general case, but, in the rotating case, the isotropic relationships apply, since the Coriolis force is not a production term in the balance equations, and drops out altogether in the isotropized balance equations, both in physical and spectral spaces. In general anisotropic turbulence, the analogous of (7) implies a vector dependence of the structure functions on r. It also shows that a dynamics modified by an external distortion applied to homogeneous turbulence translates immediately in a modification of the structure functions. It is therefore interesting to discuss the applicability of Kolmogorov scalings in flows that contain some anisotropy. Attempts at such scalings for rotating turbulence are proposed by Galtier [4] , or by Lindborg & Cho using atmospheric data. [7] In the axisymmetric case, an extensive work is in progress [22] .
Statistical model for the spectral anisotropy of axisymmetric turbulence
We study a simplified case which nonetheless captures some important anisotropic physical mechanisms in e.g. geophysical flows: stable stratification and rotation, taken into account in the Boussinesq system of equations for an incompressible fluid:
where b is the buoyancy field, associated with fluid density fluctuations around background density augmented by mean density gradient. N is the Brunt-Väisälä (buoyancy) frequency and Ω the rotational frequency. The corresponding terms, Coriolis force and buoyancy force, act on the velocity field linearly and compete against the nonlinear advection term. In this study, the separate effects of either one is considered (although the combination of both characterizes some atmospheric or oceanic flows, with a ratio α = 2Ω/N ∼ 1/10).
In rotating or stratified turbulence, the dynamics of the flow is superimposed with wave-like motion that transfers energy differently from the classical turbulent dynamics. In the linear limit, at large N or Ω, one recovers wave turbulence, as a soup of superimposed inertial waves or internal gravity waves. For instance, "turbulence" and "wave" like dynamics may be defined by splitting the velocity field in the eigenmodes of the linearized system (8)- (10) , so that the total turbulent energy of a rotating and stratified flow can be divided into a "vortex" mode and a "wave" mode. The linear evolution of the wave mode is governed by he dispersion relation σ(k) = N sin θ for internal waves and σ(k) = 2Ω cos θ for inertial waves, which depend on θ, the polar angle with the vertical, whence a directional dependence of the turbulent motion.
In order to study relatively high Reynolds number turbulence, we introduce a statistical model which describes the evolution of the two-point correlation spectra, whose dynamical equations derive from (8)- (10), introducing a closure known as EDQNM. The Eddy-Damped Quasi-Normal Markovian model for isotropic turbulence was studied by several authors (see e.g.
Orszag [23] ) decades ago, although it has recently regained interest for its ability to reach very high Reynolds numbers as demonstrated by the spectrum we computed with EDQNM, shown on figure 1. (Similar figures are presented in [24] .)
The more advanced version developed for rotating or stably stratified turbulence (denoted EDQNM 2 since it differs significantly from the model for isotropic turbulence) reflects more accurately the wave dynamics and is capable of taking into account anisotropic features. In the limit of very strong rotation, for instance, it becomes identical to the wave turbulence closures described by Zakharov [25] 
The numerator of the integrand takes into account the quasinormal expansion for non-isotropic turbulence and is closed in terms of quadratic combinations of the two-point correlation spectra, whereas the denominator involves viscous and eddydamping effects through
for a triad of wavevectors k + p + q = 0 with polarities { , , } = {±1} 3 , thus accounting for the explicit linear rotation effects on triple correlation through the phases. Thus, the classical timescale ϑ kpq in the isotropic non-rotating case is replaced by the preceding triadic complex timescales. As already mentioned, the above expression is consistent with wave turbulence results [27, 28] . The isotropic EDQNM model consists only of the Lin equations (2) in which the transfer term is closed using double products of energy spectra E(k), and where the only dependence variable is the wavenumber k.
4. Second-and third-order structure functions derived from spectral statistics
The EDQNM 2 model for rotation and stable stratification consists of equations for the two-point correlation spectra similar to (2) in which the nonlinear transfer spectra in the righthand-side are replaced by their closure. In the model for rotating turbulence, four coupled equations are solved for the energy density spectrum e(k), the helicity h(k) and the polarization spectra Z(k), each of which is expressed at each discretized spectral point in the polar-spherical representation of wavevectors k, that is as functions of discretized (k, θ):
The transfer spectra are also discretized in the same way.
For stratified turbulence, the density spectrum of rescaled potential energy Φ 3 (k) and the cross-correlation spectrum for density and velocity Ψ(k) are involved
along with the kinetic energy spectrum decomposed in poloidal and toroidal spectra Φ 2 (k) and Φ 1 (k).
Equations (13) and (14) are therefore generalized versions of the Lin equation (2) and are exact equations, unless a closure such as equation (11) is applied. Moreover, in both systems (13) and (14), the decomposition of the spectra is optimized to yield simple and meaningful equations: the Z equation in 
Quick comments on the spectral statistics and the dynamics of anisotropic turbulence
The developed spectra for isotropic, rotating, and stably strat- The structure of decaying rotating turbulence has been described extensively from experimental [29] , theoretical, and numerical results [14, 30] . Inertial wave turbulence was studied by
Galtier [31] , and Mininni & Pouquet investigated energy and helicity spectra of rotating turbulence [32] , with different spectral scaling for each. The dynamics and modified energy cascade produce an anisotropic structure which was simulated with high resolution DNS also by Morinishi et al. [33] . Anomalous scaling of structure functions in rotating turbulence also permitted Seiwert et al. to investigate the intermittency of rotating turbulence [34] .
The interpretation of the dynamics leading to rotating homogeneous turbulence structuration is still debated; the two main viewpoints rely either on linear timescales of inertial waves, with the Coriolis force acting on locally inhomogeneous structures that emit waves [35] , or on a long-term nonlinear effect [14] . It is not the object of this paper to reconcile these viewpoints, but, in short, both agree that in rotating turbulence vortices are elongated along the axis of rotation. The corresponding dynamics is that of preferential energy transfer towards motion close to two-dimensional, although complete two-dimensionalization is not expected. It also means that energy accumulates in orientation dependent kinetic energy spectra E(k, θ) in the vicinity of the two-dimensional manifold θ π/2 which is the neighborhood of horizontal wavevectors in spectral space. This is confirmed by the angular dependent energy spectrum plotted on the top panel of figure 3 , which also compares well with spectra processed from DNS of decaying rotating turbulence. Note that the power-law scaling of the corresponding spectrum in figure 1 is the result of the spherical averaging over the directional spectra of figure 3 , with no single identical power-law applying to each individual one. The bottom panel of figure 3 presents a tentative measure of the anisotropy in the spectra, by subtracting to the directional spectral the averaged spectrum. The curves present only the limit spectra, equatorial or polar; also note that the anisotropy is reversed between the rotating and the stratified cases, with more energy in the polar direction (along the symmetry axis) in stratified turbulence, whereas the accumulation of spectral energy in rotating turbulence is in the vicinity of the equatorial (perpendicular to the symmetry axis) direction.
For the stably stratified case, the spectral structuration is reversed, such that the energy accumulates in spectra of vertical k (θ 0) as shown on figure 3 (see also e.g. Lindborg [11] ). Again, the anisotropic statistical model compares extremely well with experimental wind-tunnel observations and DNS [26] . These comparisons not only concern dynamical quantities, such as energy or dissipation, but also directional integral length scales, and the most refined possible comparison between directional spectra E(k, θ), that is for every direction of every scale. In both the stratified and the rotating cases, In addition to providing the second-order statistics corresponding to the two-point energy spectra discussed above, the closure provides quantitative information on third-order two- point correlation spectra, i.e. the kinetic energy transfer spectra shown on figure 2. Apart from the Reynolds number difference, the spherically averaged transfer spectra of anisotropic turbulence are similar to the isotropic turbulence transfer. Note that we present spectra of the kinetic energy transfer T e (k), which is only a part of the energy transfers occurring in stratified turbulence, since there is also coupling with the potential energy mode. As observed in the isotropic case, in the anisotropic cases energy is drawn from the large scales and injected in the small scales in a classical forward cascade. In the mean time, if one observes the orientation-dependent transfer spectra (not presented here), one also notices a re-distribution of energy among different orientations of wavevectors, even at constant wavenumber, i.e. without interscale exchange.
Structure functions
The above observations of second-and third-order correlations spectra have a direct impact on the second-and thirdorder structure functions of turbulence, according to the dual- transfer spectrum given by the closure for stratified turbulence.
ity of spectral and physical space. Some passage relations between the two spaces have been presented in section 2. We now present the results obtained by using these relations applied to the EDQNM closure results for isotropic and anisotropic turbulence. It is however not possible to derive any n th -order structure function from spectral information contained in two-point statistical closures, precisely because the spectral information is restricted to n th -order correlations at two points. A case-by-case inspection is thus required.
The relation (3) linking the kinetic energy spectrum to the second-order structure function is applied to the results obtained by EDQNM, and also to the anisotropic turbulence results. The numerical resolution of the isotropic EDQNM model directly provides discretized distribution of E(k) and T (k). For the EDQNM 2 , the spherically averaged spectra E(k) and T (k)
are obtained from the anisotropic spectral data E(k, θ) and T e (k, θ), by averaging over θ. Once these data are obtained, a simple numerical quadrature of the integrals in equations (3) and (7) is used to obtain (δu i δu i ) and δu (δq) 2 (likewise for (δu) 3 with an integral not recalled here). The corresponding structure function is normalized by (εr) 2/3 and plotted against is within 30% of the asymptotic value, whereas the peak for rotating turbulence is twice this value. The shape of the spectra and the difference in the downscale cascading rate in the anisotropic runs with respect to the isotropic one can only explain this departure.
Conclusion and perspectives
We have described in this work the spectral statistics of 
